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Abstract. We identify a network of sequential processesthat commu-
nicate by synchronizing frequently on common actions. More precisely,
we demand that there is a bound k such that if the processp executesk
stepswithout hearing from processq|directly or indirectly|then it will
never hear from q again. The non-interleaved branching time behavior
of a system of connectedly communicating processes(CCP) is given by
its event structure unfolding. We show that the monadic second order
(MSO) theory of the event structure unfolding of every CCP is decidable.
Using this result, we also show that an associated distributed controller
synthesis problem is decidable for linear time speci�cations that do not
discriminate between two di�eren t linearizations of the same partially
ordered execution.

1 In tro duction

Sequential systemscan be represented as transition systemsand their behav-
iors can be speci�ed and veri�ed using a variety of linear time and branching
time logics. One can view the monadic secondorder (MSO) logic of 1-successor
interpreted over strings as the canonical linear time logic and the MSO logic
of n-successorsinterpreted over regular trees as the canonical branching time
logic [12] for sequential systems.All other reasonablelogics can be viewed as
specializationsof thesetwo logicswith expressive power often traded in for more
e�cien t veri�cation procedures.

In the caseof concurrent systemsthe situation is similar in many respects.As
for models, one can chooseasynchronous transition systemsor 1-safePetri nets
or someother equivalent formalism [15]. In the linear time setting, Mazurkiewicz
traces|view edasrestricted labelledpartial orders|constitute a nice generaliza-
tion of sequencesand the MSO logic of sequencescan be smoothly extended to
Mazurkiewicz traces [1]. In the branching time setting, it is clear that labelled
event structures [15] are an appropriate extension of trees. Further, just as a
transition systemcan be unwound into a (regular) tree, so can an asynchronous
transition system or 1-safePetri net be unwound into a (regular) labelled event
structure [15]. One can also de�ne a natural MSO logic for event structures in
which the causality relation (a partial order) and the con
ict relation are the



non-logical predicatesand quanti�cation is carried out over individual and sub-
setsof events. But at this stage,the correspondencebetweenthe sequential and
concurrent settings breaks down.

One can say that the MSO theory|of the branching time behavior|of a
transition system is the MSO theory of the tree obtained as its unwinding.
According to Rabin's famous result [11], the MSO theory of every �nite state
transition system is decidable. In the concurrent setting, it is natural to say
that the MSO theory|of the non-interleaved branching time behavior|of a
�nite asynchronous transition system is the MSO theory of the event structure
obtained asits event structure unfolding. The trouble is, it is not the casethat the
MSO theory of every �nite asynchronous transition system is decidable.Hence
an interesting question is: what is the precise subclass of �nite asynchronous
transition systemsfor which the MSO theory is decidable?

We provide a partial answer to this question by exhibiting a subclassof �nite
asynchronous transition systemscalled, for want of a better term, Connectedly
Communicating Processes(CCPs), whoseMSO theories are decidable. As the
name suggests,in a CCP, processescommunicate with each other frequently .
More precisely, there is a bound k such that if processp executesk stepswithout
hearing from processq either directly or indirectly and reachesa state s, then
starting from s it will never hear from q again, directly or indirectly . This class
of systemsproperly includes two subclassesof 1-safenet systemsthat we know
of, which have decidableMSO theories.Thesetwo subclassesare: the sequential
net systemsthat do not exhibit any concurrencyand dually, the con
ict-free net
systemswhich do not exhibit any branching|due to choices|in their behavior.

One motivation for studying branching time temporal logics in a non-
interleaved setting has to do with distributed controller synthesis. More speci�-
cally, for distributed systems,where one is interested in strategies that are not
dependent on global information|and hence can be synthesized in turn as a
distributed controller|one needsto look at partial order basedbranching time
behaviors. This is the caseeven if the controller must satisfy just a linear time
speci�cation. Here, as an application of our main result, we establish the decid-
abilit y of a distributed controller synthesis problem where the plant model is
basedon a CCP and the speci�cation is a robust (trace-closed) ! -regular lan-
guage.By a robust languagewe mean one that does not discriminate between
two di�eren t interleavings of the samepartially ordered execution.

The communication criterion we imposeis motivated by results in undecid-
abilit y of distributed control. Most undecidability proofs in distributed control
rely on the undecidability of multi-player gameswith partial information where
the players(in our caseprocesses)have an unbounded lossof information on the
status of other players. Our restriction ensuresthat the processescommunicate
often enoughso that this partial information stays bounded.

Our proof technique consists of extracting a regular tree from the event
structure induced by a CCP with the nodes of this tree corresponding to the
events of the event structure such that the causality relation is de�nable in
the MSO theory of trees. This representation is obtained directly and broadly



preserves the structure of the event structure. Similar ideas have been used in
other|ten uously related|settings [3, 4].

Turning to more directly related work, a variety of branching time logics
based on event structures have been proposed in the literature (see for in-
stance [9] and the referencestherein) but few of them deal directly with the
generalization of Rabin's result. In this context, a closely related work is [5]
where it is shown, in present terms, that the MSO theories of all �nite asyn-
chronoustransition systemsaredecidableprovided set quanti�cation is restricted
to con
ict-fr ee subsetsof events. It is however di�cult to exploit this result to
solve distributed controller synthesis problems.

Following the basic undecidablity result reported in [10], positive results in
restricted settings are reported in [7, 8, 14]. However, [7] considersprocesses
communicating via bu�ers as also [14] in a more abstract form. On the other
hand, [8] imposesrestrictions on communication patterns that are much more
severe than the property we demand here. Our notion of strategies considered
in this paper are local in the sensethat each process'sstrategy is basedon its
local view of the global history, consisting of its own sequenceof actions as well
as the sequenceof actions executedby other agents that it comesto know about
through synchronizations. The work in [6] also considersview-basedstrategies,
and shows that for simulations, the problem is undecidable.A more recent study
that usesview-basedstrategies is [2]. This work is also basedon asynchronous
transition systems,but the restrictions placedon the plants concernedis in terms
of the trace alphabet associated with the plant rather than the communication
patterns. As a result, this subclassis incomparable with the subclassof CCPs.
Finally, decentralized controllers havealsobeenstudied (seefor instance[13] and
its references)where the plant is monolithic but onelooks for a set of controllers
each of which can control only a subsetof the controllable actions.

In the next section we formulate our model and in section 3 we show that
the MSO theory of every CCP is decidable. We use this result in section 4 to
solve a distributed controller synthesisproblem. We discussa number of possible
extensionsin the concluding part of the paper. Due to lack of space,many proofs
are omitted and can be found in the technical report at www.comp.nus.edu.s g
/~thiagu/fsttcs0 5.

2 Connectedly Comm unicating Pro cesses

We �x a �nite set of processesP and let p;q; range over P. For convenience,
we will often write a P-indexed family f X pgp2P simply as f X pg. A distributed
alphabet over P is a pair (� ; loc) where � is a �nite alphabet of actions and
loc : � ! 2P n f;g identi�es for each action, a nonempty set of processes(lo-
cations) that take part in each execution of the action. � p is the set of actions
that p participates in and it is given by f a j p 2 loc(a)g. Fix such a distributed
alphabet for the rest of the paper.

We will formulate our model in terms of deterministic asynchronous tran-
sition systems. We impose determinacy only for convenience.All our results



will go through, with minor complications, even in the absenceof determi-
nacy. An asynchronous transition system (ATS) over (� ; loc) is a structure
A = (f Spg; sin ; f � aga2 � ) where Sp is a �nite set of p-states for each p and
sin 2

Q
p2P Sp. Further, � a �

Q
p2 loc(a) Sp �

Q
p2 loc(a) Sp for each a. The ATS A

is deterministic if for each a, (sa ; s0
a); (sa ; s00

a ) 2 � a implies s0
a = s00

a . From now on
we will implicitly assumethat the ATSs we encounter are deterministic. Mem-
bersof

Q
p2P Sp are referred to asglobal states. It will be convenient to view the

global state s as a map from P into
S

Sp such that s(p) 2 Sp for every p. For
the global state s and P � P, we will let sP denote the map s restricted to P.
An exampleof an asynchronous transition system is shown in �gure 1(i), where
the locations of an action is assumedare the components in which it appearsas
a label of a local transition.
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Fig. 1.

The dynamicsof A is given by a transition systemTS A = (RSA ; sin ; � ; ! A )
where RSA �

Q
p2P Sp, the set of reachable global states, and ! A �

RSA � � � RSA are least sets satisfying: Firstly , sin 2 RSA . Secondly, sup-
poses 2 RSA and s0 2

Q
p2P Sp such that (sP ; s0

P ) 2 � a and sQ = s0
Q where

P = loc(a) and Q = P n P. Then s0 2 RSA and s a! A s0. We extend ! A to
sequencesin � ? in the obvious way. We de�ne L(A) = f � 2 � ? j 9s: sin

�! A sg.
We shall use (Mazurkiewicz) trace theory to capture the notion of connect-

edly communicating. It will also comein handy for de�ning the event structure
semantics of asynchronous transition systems. We �rst recall that a trace al-
phabet is a pair (� ; I ) where � is a �nite alphabet set and I � � � � is an
irre
exiv e and symmetric relation called the independence relation. The trace
alphabet (� ; I ) induced by the distributed alphabet (� ; loc) is given by : aI b i�
loc(a) \ loc(b) = ; . Clearly I is irre
exiv e and symmetric. We let D = (� � � ) nI
denote the dependency relation. The independencerelation is extended to � ?

via: � I � 0 i� a I b for every letter a that appearsin � and every letter b that ap-
pearsin � 0. In what follows, we let � ; � 0 rangeover � ?. As usual, � I is the least
equivalencerelation contained in � ? � � ? such that � ab� 0 � I � ba� 0 whenever
a I b. We let � � p be the � p-projection of � . It is the sequenceobtained by eras-
ing from � all appearancesof letters that are not in � p. We de�ne j� jp = j� � pj
where j� j denotes the length of the sequence� . In what follows, we will often
write � instead of � I .



We say that two processesp and q are separated in � if there exist � ; � 0 2 � ?

such that � � � � 0 and � I � 0 and j� jq = j� 0jp = 0. Thus in the execution
represented by � there can be no 
o w of information from q to p or conversely.
The asynchronous transition systemA is k-communicating if for every s 2 RSA

and every p;q, the following condition is satis�ed: Supposes �! A s0 and j� jp � k

and j� jq = 0. Then p and q are separatedin � 0 for any s0 � 0

! A s00.
We shall say that A is connectedly communicating i� it is k-communicating

for somek. Clearly A is connectedly communicating i� it is K -communicating
where K is at most jRSA j. Furthermore, one can e�ectiv ely determine whether
A is connectedly communicating. From now on we will often refer to a �nite
deterministic connectedly communicating ATS as a CCP. The ATS shown in
�gure 1(ii) is a CCP while the oneshown in �gure 1(i) is not. Note that the two
ATSs are basedon the samedistributed alphabet.

3 Decidabilit y

We wish to prove that the MSO theory of the unfolding of every CCP is decid-
able. To formulate this result we begin with a brief account of event structures.

An event structure (often called a prime event structure) is a triple ES =
(E ; � ; #) where (E ; � ) is a poset such that for every e 2 E, # e = f e0 2 E j
e0 � eg is a �nite set. And # � E � E is an irre
exiv e and symmetric relation
such that, for every e1, e2 and e3, if e1 # e2 and e2 � e3, then e1 # e3. E is the
set of events, � the causality relation and # the con
ict relation. The minimal
causality relation l is de�ned as:el e0 i� e < e0 and for every e00, if e � e00� e0,
then e00= e or e00= e0. A � -labelled event structure is a structure (E ; � ; # ; � )
where (E ; � ; #) is an event structure and � : E ! � a labelling function.

The non-interleaved branching time behavior of A is naturally given by its
event structure unfolding [15]. This � -labelled event structure denoted ESA is
obtained as follows. We �rst note that L (A) is a trace-closedsubsetof � ? in the
senseif � 2 L (A) and � � � 0 then � 0 2 L(A) as well. For a non-null sequence
� 2 � ?, let last(� ) denote the last letter appearing in � . In the present context,
we shall view a (Mazurkiewicz) trace as a � -equivalence class of strings and
denote the � -equivalenceclass containing the string � as [� ]� and often drop
the subscript � . The partial ordering relation v over tracesis givenby : [� ] v [� 0]
i� there exists � 00in [� 0] such that � is a pre�x of � 00. A trace [� ] is prime i� � is
non-null and for every � 0 in [� ], last(� ) = last(� 0). Thus for a prime trace [� ], we
can set last([� ]) = last(� ). Now, ESA is de�ned to be the structure (E ; � ; # ; � )
where

{ E = f [� ] j � 2 L (A) and [� ] is primeg.
{ � is v restricted to E � E .
{ # is given by: e # e0 i� there doesnot exist � 2 L (A) such that e v [� ] and

e0 v [� ], for every e;e0 2 E.
{ � (e) = last(e), for every e 2 E.



It is easyto check that ESA is a � -labelled event structure. In fact, the labelling
function � will respect the dependencyrelation D in the sensethat if � (e) D � (e0)
then it will be the casethat e � e0 or e0 � e or e # e0. And this will endow ESA

with a great deal of additional structure. In particular, it will let us de�ne its
MSO theory using just the l relation and the labelling function as it will turn
out below. In what follows, we will often write ESA as just ES.

In �gure 1(iii) we show an initial fragment of the event structure unfolding
of the systemshown in �gure 1(ii). As usual, directed arrows represent members
of the l relation and the squiggly edgesrepresent the \minimal" members of
the # relation. The relations � and # are to be deducedusing the transitivit y
of � and the con
ict inheritance axiom satis�ed by an event structure.

We now de�ne the syntax of the MSO logic over ESA as:

MSO(ESA ) ::= Ra(x) j x l y j x 2 X j 9x (' ) j 9X (' ) j � ' j ' 1 _ ' 2 ;

where a 2 � , x; y; : : : are individual variables and X ; Y; : : : are set variables.
An interpretation I assignsto every individual variable an event in E and every
set variable, a subset of E . The notion of ES satisfying a formula ' under an
interpretation I , denoted ES j= I ' , is de�ned in the obvious way. For example,
ES j= I Ra (x) i� � (I (x)) = a; ES j= I x l y i� I (x) l I (y).

It is a standard observation that � can be de�ned in terms of l in the
presenceof set quanti�cation. We next observe that the con
ict relation of ESA

admits an alternativ e characterization. Let the relation b# D be given by: e b# D e0

i� e � e0 and e0 � e and � (e) D � (e0). Next de�ne b# as: e b# e0 i� there exist e1
and e10 such that e1 b# D e10 and e1 � e and e10 � e0. It is easy to verify that
b# = # and that b# is de�nable.

The MSO theory of ES is the set of sentences(formulas that do not have free
occurrencesof individual or set variables) given by: f ' j ES j= ' g. The MSO
theory of ES is said to be decidable if there exists an e�ectiv e procedure that
determines for each sentence ' in MSO(ES), whether ES j= ' . Finally, by the
MSO theory of A we shall mean the MSO theory of ESA . It is not di�cult to
show that the MSO theory of the asynchronous transition system in �gure 1(i)
is undecidable(as easily shown in our technical report). Our main result is:

Theorem 1. Let A be a CCP. Then the MSO theory of A is decidable.

Through the rest of this section, we assumeA is k-communicating where
k � jRSA j. Let TR = (� ?; f succaga2 � ) be the in�nite � -tree, where succa =
f (u; ua) j u 2 � ?g. In what follows, we shall denote the standard MSO logic of
n-successors(j� j = n) interpreted over TR as MSO(TR ). Its syntax is:

MSO(TR ) ::= succa (x; y) j x 2 X j 9x (' ) j 9X (' ) j � ' j ' 1 _ ' 2 :

The semantics is the standard one[12]. Weshall show that the structure (E ; l ; � )
can be embeddedin TR and that this embedding can be de�ned in MSO(TR ).
This will at onceyield theorem 1 by the result that MSO(TR ) is decidable[11].

Through the rest of the paper, we �x a total order lex on � . Often, we refer
to this order implicitly , for example,by speaking of a being lessthan b. Clearly



lex induces a total order over � ? which we shall refer to as the lexicographic
order. For an event e in E with e = [� ], we let lin (e) be the lexicographically
least member in [� ]. Set LEX A = f lin (e) j e 2 Eg. In what follows, we will
write LEX A as just LEX . Clearly LEX � � ? and hencemembers of LEX can
be looked upon as distinguished nodes in the tree TR . A pleasant fact is that
LEX is de�nable in MSO(TR ).

Lemma 2. One can e�ectively construct a formula ' LEX (x) with one free in-
dividual variable x such that for any interpretation I , TR j= I ' LEX (x) i�
I (x) 2 LEX .

Proof. It is easy to show that L events = f � j [� ] 2 Eg is a regular trace-closed
subset of � ? and is hencea regular trace language. It is known that the col-
lection bL lex obtained by picking the lexicographically least member of each
� -equivalence class of a regular trace language bL is, in turn, a regular lan-
guage[1]. Thus LEX is a regular subsetof � ? and we can e�ectiv ely construct
from A, a deterministic �nite state automaton acceptingLEX . Further, onecan
describe the successfulruns of this automaton in the form of a formula ' LEX (x).

ut

De�ne now the relation l LEX � LEX � LEX by: � l LEX � 0 i� [� ] l [� 0] in
ESA . De�ne also the map � LEX as � LEX (� ) = last(� ) for every � 2 LEX . It
now follows that (LEX ; l LEX ; � LEX ) is isomorphic to the structure (E ; l ; � ).
Henceif we show that l LEX is de�nable in MSO(TR ) then we are done. In this
light, the following result is crucial.

Lemma 3. There exists a constant K (which can be e�ectively computed from
A) with the following property: Suppose w = a1 : : : am ; w0 = b1 : : : bn 2 LEX .
Supposefurther, wl LEX w0 and w is not a pre�x of w0. Then jai ai +1 : : : am j � K ,
where i is the least index such that ai 6= bi .

Proof. Let e = [w] and e0 = [w0] so that e l e0. It follows from the de�nition
of ES that w0 � w� for some� in � + . Hencebi is lessthan ai . We show that
bi I ai ai +1 : : : am . This will easily yield that jai ai +1 : : : am j � kjP j, following the
facts that A is k-communicating and [w0] is prime and w0 � wbi � 0 for some� 0

in � + . Now supposebi I ai ai +1 : : : am doesnot hold. Let j (i � j � m) be the
least index such that aj D bi . A basic property of traces is that if a D b then
the f a; bg-projection of � 1 is identical to the f a; bg-projection of � 2 whenever
� 1 � � 2. It follows that aj = bi . But then bi being lessthan ai would imply that
bw = a1 : : : ai � 1bi ai : : : aj � 1aj +1 : : : am � w and clearly bw is lexicographically less
than w, a contradiction. ut

We can now show that l LEX is expressiblein MSO(TR ).

Lemma 4. One can e�ectively construct a formula ' l (x; y) in MSO(TR ) with
two free individual variables x and y such that, for any interpretation I ,
TR j= I ' l (x; y) i� I (x); I (y) 2 LEX and I (x) l LEX I (y).

Proof. Let w; w0 2 LEX . Consider the condition C1 given by:



C1: w is a proper pre�x of w0 and last(w) D last(w0)
and last(w) I w00where w0 = ww00.

It is easy to seethat if C1 is satis�ed then w l LEX w0 and moreover, C1 is
de�nable in MSO(TR ). Let K be the constant established in lemma 3. Now
consider the following conditions:

C2:1 : w = w0a1a2 : : : al with l � K and
w0 = w0w0

1a1w0
2a2 : : : w0

l al w0
l+1 last(w0).

C2:2 : w0
i I aj for 1 � i � j � l and al I w0

l+1 .
C2:3 : al D last(w0).

Let C2 be the conjunction of C2:1, C2:2 and C2:3. It is easyto seethat if C2 is
satis�ed then wl LEX w0 and alsothat C2 is de�nable in MSO(TR ). What takes
somework is showing that if w l LEX w0 then C1 or C2 is satis�ed. This can
however be achieved by faithfully applying the de�nitions of LEX and l LEX .

ut

We can now establish theorem 1. De�ne the map k�k from MSO(ESA ) into
MSO(TR ) inductiv ely: kRa(x)k = 9y succa(y; x) and kx l yk = ' l (x; y) where
' l (x; y) is the formula established in lemma 4. Next we de�ne kx 2 X k =
x 2 X . Further, k9x (	 )k = 9x (' LE X (x) ^ k	 k) and k9X (	 )k = 9X ((8x 2
X ' LE X (x)) ^ k	 k) where ' LEX (x) is the formula establishedin lemma 2 . Fi-
nally, k� 	 k = � k	 k and k	 1 _ 	 2k = k	 1k _ k	 2k. It is now easy to show
that ESA j= 	 i� TR j= k	 k for each sentence 	 . It is also easyto seethat our
decisionprocedurefor determining the truth of the sentence 	 in MSO(ESA ) is
non-elementary in the sizeof 	 but not in k.

4 Con troller Synthesis

Our goal here is to de�ne a distributed plant model basedon deterministic ATSs
and show the decidability of the controller synthesis problem for CCPs.

A plant is a structure A = (f Senv
p g; f Ssys

p g; sin ; � env ; � sys ; f � aga2 � ) where
(f Spg; sin ; f � aga2 � ) is a deterministic ATS over (� ; loc), called the underlying
ATS of A with Sp = Senv

p [ Ssys
p and Senv

p \ Ssys
p = ; for each p. Further,

f � env ; � sys g is a partition of � such that for each a in � env , jloc(a)j = 1.
Finally, suppose (sa ; s0

a) 2 � a and p 2 loc(a). Then sa(p) 2 Senv
p i� a 2 � env

and henceloc(a) = f pg.
The sets Senv

p ; Ssys
p are respectively the p-environment and p-system states.

The sets � env and � sys are the environment (uncontrollable) and system(con-
trollable) actions respectively. Each component interacts with its local environ-
ment and these interactions are enabledonly when the component is in one of
its environment states. We note that although the underlying ATS is determin-
istic, in general,a menu of controllable actions involving di�eren t processeswill
be available for the controller at each stage as the plant evolves. This will be
the caseeven for the local strategies we de�ne below. Through the rest of the
section,we �x a plant A asabove. When talking about the behavioral aspectsof



A, we shall identify it with its underlying ATS and will often drop the subscript
A . We will also say the plant is a CCP in caseits underlying ATS is.

Members of L (A) are referred to as plays. The set of in�nite plays L ! (A )
is de�ned in the obvious way. We are interested in distributed strategies ob-
tained by piecing together local strategies and the local views of a play will be
instrumental in determining local strategies.

Let � = a1 : : : an be a play in L (A). The p-view of � denoted #p (� ) is
the subsequenceah1 : : : ahm such that H = f h1; h2; : : : ; hm g is the least subset
of f 1; 2; : : : ; ng which satis�es: Firstly , hm is the largest index in f 1; 2; : : : ; ng
such that p 2 loc(ahm ). Secondly, if i 2 H and j < i and aj D ai , then j 2
H . In other words, #p (� ) is the maximum amount of the current play that p
knows about where this knowledgeis gatheredby its participation in the actions
that have occurred in the play and the information it acquires as a result of
synchronizations with other agents.

It will be convenient to de�ne the set of actions that can potentially occur
at a local state. For u 2 Sp we let act(u) be the set given by: a 2 � p is in
act(u) i� there exists (sa ; s0

a) in � a with sa(p) = u. A p-strategy is a function
f : L (A) ! 2� p which satis�es: Suppose� 2 L (A) and sin

�! s with s(p) = u.
Then f (� ) � act(u) and moreover f (� ) = act(u) in caseu 2 Senv

p . Thus a
p-strategy recommendsa subset of the structurally possible � p-actions at the
current p-state. It does so without restricting in any way the environment's
choices.

The p-strategy f is said to be local if it satis�es: for every � ; � 0 2 L(A),
#p (� ) � #p (� 0) implies f (� ) = f (� 0). Hencea local p-strategy depends only on
the (partially ordered!) p-view of the play.

We now de�ne a distributed strategy Str = f Str pg to be a family of local
p-strategies, one for every p. From now, unless otherwise stated, we shall say
\ p-strategy" to mean \lo cal p-strategy" and \strategy" to mean a distributed
strategy.

Let Str = f Str pg be a strategy. The set of plays according to Str denoted
L(Str ) is de�ned inductiv ely by: Firstly , " 2 L (Str ). Secondly, if � 2 L (Str ) and
� a 2 L(A) such that a 2 Str p(� ) for every p 2 loc(a), then � a 2 L(Str ). That is,
an action a is allowed to executeonly when it is recommendedby every process
taking part in a. In what follows, we will assumewithout loss of generality
that TS A has no deadlocks; more precisely, every reachable global state has a
successorstate reachable via a transition. Thus if a play according to a strategy
cannot be extended it is only due to the local strategiesnot being able to agree
on executing any system action. We will say that a strategy Str is non-blocking
in caseevery play in L (Str ) can be extended to a longer play in L (Str ). This
notion doesnot rule out the possibility of a play being extended inde�nitely by
just the executionof environmental actions. However onecan rule out such plays
by choosing the speci�cation suitably.

To de�ne speci�cations, we �rst de�ne the set of in�nite plays according
to the strategy Str denoted L ! (Str ) in the obvious way. A speci�c ation is an
! -regular subsetof � ! which is assumedto be presented in a �nite way, say, as



a B•uchi automaton. Let L spec be a speci�cation. A strategy Str is winning for
L spec i� Str is non-blocking and L ! (Str ) � L spec . A winning strategy for L spec

is called a controller for the pair (A ; L spec ). The controller synthesisproblem we
wish to solve is: given a pair (A ; L spec ) where A is a CCP, determine whether
there exists a controller for L spec . We will be mainly interested in showing here
that this problem is e�ectiv ely solvable if the speci�cation is robust.

To pin down robustness,we extend � to � ! . This can be done in a number
of equivalent ways. For our purposesit will do to de�ne it as follows: Suppose
� ; � 0 2 � ! . Then � � � 0 i� � � p = � 0 � p for every p. We say that the
speci�cation L spec is robust i� for every � ; � 0 2 � ! , if � 2 L spec and � � � 0,
then � 0 2 L spec .

We can now state:

Theorem 5. Given a CCP plant A and a robust speci�c ation L spec , one can
e�ectively determine whether there exists a controller for (A ; L spec ).

In fact we can say much more as we point out in remarks following the proof of
theorem 5.

4.1 Pro of of Theorem 5

Throughout this subsection, we assumeA is a CCP and L spec is robust. We
shall show that the existenceof a controller for (A ; L spec ) can be asserted in
MSO(ESA ). The required result will then follow at oncefrom theorem 1.

In what follows, we let ESA = (E ; � ; # ; � ) and often write ES instead of
ESA . A con�gur ation of ES is a subset c � E such that # c = c (where # c =
[ e2 c(#e)) and (c � c) \ # = ; . Let c be a �nite con�guration. Then it is well-
known that the � -labelled poset (c; � c; � c) where � c and � c are the obvious
restrictions, represents a trace in the following sense.The set of linearizations of
(c; � c) (subjected to the point-wise application of � c) will be a trace, viewed as
a � -equivalenceclassof strings. In fact �nite and in�nite con�gurations on the
onehand and �nite and in�nite traceson the other hand, represent each other. It
is not di�cult to seethat in MSO(ES) one can construct a formula in�nite (X )
with one free set variable X which assertsthat X is an in�nite set of events.
Consequently , in MSO(ES) onecan de�ne a formula �n -conf (X ) (inf -conf (X ))
asserting that X is a �nite (in�nite) con�guration.

Next we de�ne, for E 0 � E , the p-view of E 0 denotedp-view(E 0) to be the set
of events given by: e0 2 p-view(E 0) i� there exists e002 E 0 such that e0 � e00and
p 2 loc(� (e00)). Again it is easyto seethat we can de�ne a formula p-view(X ; Y )
asserting that Y is the p-view of X .

Now let Str be a strategy. From the de�nitions, it follows that L (Str ) is
trace-closed.Hencefor each � 2 L (Str ) we will have [� ] � L (Str ) and moreover,
by the observation above, there will be a unique �nite con�guration in ES that
correspondsto [� ]. We will say that EStr is the set of Str -eventsand de�ne it to
be the set given by: e 2 E is in EStr i� there exists � 2 L (Str ) such that e = [� ].
We will say that E 0 is good in casethere exists a strategy Str such that E 0 is
the set of Str -events. We can construct a formula Good(X ) which will assert



that X is good. For arguing this, it will be convenient to assumethe transition
relation ) � C�n � E � C�n where C�n is the set of �nite con�gurations of ES
and ) is given by: c e) c0 i� e =2 c and c0 = c [ f eg. The formula Good(X ) will
be a conjunction of the following properties all of which are easily de�nable in
MSO(ES).

{ X is a nonempty set and for every �nite con�guration Y contained in X , if
Y e) Y 0 and � (e) 2 � env then Y 0 � X .

{ If Y is a �nite con�guration contained in X then there exists a �nite con�g-
uration Y 0 such that Y � Y 0 � X .

{ SupposeY is a �nite con�guration contained in X , and Y
e

) Y 0. Suppose
that for every p in loc(a), where a = � (e), there exists Yp � X such that the

p-view of Yp is identical to the p-view of Y and Yp
e1) Y 0

p with � (e1) = a and
Y 0

p � X . Then Y 0 � X .

All we need now is to argue that we can assert that every in�nite play be-
longing to a good set meetsthe speci�cation. But this is easyto do sinceL spec is
robust. It follows that L spec in fact is an ! -regular trace languageand is hence
de�nable in the Monadic SecondOrder logic of in�nite traces interpreted over
the set of in�nite traces generated by our trace alphabet (� ; I ) [1]. Denoting
this logical languageby MSO(� ; loc), we can assume,without lossof generality,
that its syntax is exactly that of MSO(ES) but interpreted over in�nite traces
represented as� -labelled partial orders. In particular, the l refersto the partial
order of the trace rather than the positional order of a linearization of the trace.

Now let � spec be a sentence in MSO(� ; loc) such that the ! -regular trace
languagede�ned by it is precisely L spec . We can now assert in MSO(ES) that
there exists X such that X is a good set and moreover, for every in�nite con-
�guration Y contained in X , the trace corresponding to Y satis�es � spec . It is
routine to show that this sentence, say 	 contr ol ler , is satis�able in MSO(ES) i�
there exists a controller for (A ; L spec).

5 Discussion

Here we informally sketch a number of additional results that onecan derive for
our ATSs. To start with, theorem 5 can be considerably strengthened. In case
a controller exists then there exists a �nite state one which can be e�ectiv ely
computed and synthesized as a (�nite deterministic) CCP over (� ; loc). This
controller will synchronize with the plant on common actions and the resulting
controlled behavior will meet the speci�cation. Developing this result however
requiresadditional work and machinery. It alsorequiresus to work with TR , the
tree representation of ES, rather than with ES itself. By adapting the arguments
developed in [10] we can also show quite easily that the controller synthesis
problem is undecidablefor CCP plants in casethe speci�cation is allowed to be
non-robust.

Clearly we can assumethe speci�cation for the controller synthesis problem
to be given as a sentence in MSO(ES) and our argument for decidability will



extend smoothly. One can also assumethat the plant itself is not a CCP but
require, for robust speci�cations, the controller be a CCP. More precisely, we say
that the strategy Str is k-communicating i� for every � 2 L (Str ), if � � 0 2 L(Str )
and j� 0jp � k and j� 0jq = 0, then for every � � 0� 002 L(Str ), p;q are separated
in � 00. We say Str is connectedly communicating i� Str is k-communicating for
some integer k. We conjecture that the k-communicating controller synthesis
problem for a given k is decidable and in casesuch a controller exists, a �nite
state oneexists aswell and it can be e�ectiv ely synthesized.It is also interesting
to determine if the connectedly communicating controller synthesis problem is
decidable. In other words, given a plant and a robust speci�cation determine if
there exists a k-communicating controller for somek. We conjecture that this
problem is undecidable.
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